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Abstract
The devotion of this paper is to study the Bessel function of two variables in k-calculus. we discuss the generating function
of k-Bessel function in two variables and develop its relations. After this we introduce the generalized (s,k)-Bessel function of
two variables which help to develop its generating function. The s-analogy of k-Bessel function in two variables is also discussed.
Some recurrence relations of the generalized (s,k)-Bessel function in two variables are also derived.
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1. Introduction
Many special functions of mathematical physics have been generalized to a base s which are known as
special s-functions. The Bessel s-function is one of the essential special s-functions which was introduced
by Jackson and Swarthrow [33]. Special functions in term of k were presented by Diaz and Parigaun [2].
Later on, the researchers introduced various types of k-special functions by following the idea of Diaz
and Parigaun [2]. Kokologiannaki [12] investigated further properties of k-gamma, k-beta and k-zeta
functions. Mansour [15] introduced the k-generalized gamma function by functional equation. Krasniqi
[13] investigated limits for k-gamma and k-beta functions. Merovci [16] gave the power product inequal-
ities for the k-gamma function. Mubeen and Habibullah [17] proposed the so-called k-fractional integral
based on gamma k-function and its applications. In [18], Mubeen and Habibullah defined the integral
representation of generalized confluent hypergeometric k-functions and hypergeometric k-functions by
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utilizing the properties of Pochhammer k-symbols, k-gamma, and k-beta functions. In [17], Mubeen et al.
proposed the following second order linear differential equation for hypergergeometric k-functions as
kω(1 − kx)ω′′ + [γ− (α+β+ k) kx]ω′ −αβω = 0.
The solution in the form of the so-called k-hypergeometric series of k-hypergeometric differential equation
by utilizing the Frobenius method can be found in the work of Mubeen et al. [23, 22]. Recently, Li and
Dong [14] investigated the hypergeometric series solutions for the second-order non-homogeneous k-
hypergeometric differential equation with the polynomial term. Rahman et al. [27, 21] proposed the
generalization of Wright hypergeometric k-functions and derived its various basic properties.
Furthermore, Mubeen and Iqbal [19] investigated the generalized version of Grüss-type inequalities
by considering k-fractional integrals. Agarwal et al. [1] established certain Hermite-Hadamard type in-
equalities involving k-fractional integrals. Set et al. [32] proposed generalized Hermite-Hadamard type
inequalities for Riemann-Liouville k-fractional integral. Östrowski type k-fractional integral inequali-
ties can be found in the work of Mubeen et al. [20]. Many researchers have established further the
generalized version of Riemann-Liouville k-fractional integrals and defined a large numbers of various
inequalities via by using different kinds of generalized fractional integrals. The interesting readers may
consult [9, 26, 25, 28]. The Hadamard k-fractional integrals can be found in the work of Farid et al. [5].
In [6], Farid proposed the idea of Hadamard-type inequalities for k-fractional Riemann-Liouville inte-
grals. In [10, 35], the authors have introduced inequalities by employing Hadamard-type inequalities
for k-fractional integrals. Nisar et al. [24] investigated Gronwall type inequalities by utilizing Riemann-
Liouville k- and Hadamard k-fractional derivatives [24]. In [24], they presented dependence solutions
of certain k-fractional differential equations of arbitrary real order with initial conditions. Samraiz et al.
[31] proposed Hadamard k-fractional derivative and properties. Recently, Rahman et al. [29] defined
generalized k-fractional derivative operator. Diaz and Teruel introduced the generalized gamma and beta
(s,k)-functions in 2005 [3]. They also proved various identities of gamma and beta (s,k)-functions in
two parameter deformation. In this paper, the generalized (s,k)-Bessel function is introduced. Firstly,
the Bessel function of two variables at level k is introduced by constructing its generating function and
some recurrence relations. Secondly, the generating function of the generalized (s,k)-Bessel function is
constructed and some of its recurrence relations are developed. Also, the s-analogy of the generalized
k-Bessel function of two variables is given. Finally, the concluding comments on (s,k)-Bessel function are
given.
2. preliminaries
In this section, we present certain well-known definition and mathematical preliminaries.



















, t > 0,
where k is any positive real number and 0 < s < 1.
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[m]s! [n]s!Γs(ν+m+ 1)Γs(µ+n+ 1)
, (2.3)
where ν,µ are not negative integers.







where k > 0 , 0 < s < 1 and n is positive real number.
3. The k-Bessel function and generalized (s,k)-Bessel function in two variables
In this section, we introduce k-Bessel function and generalized (s,k)-Bessel function in two variables.











If ν and µ are not negative integers, then we have
Jk−ν,−µ(x,y) = (−1)
ν+µJkν,µ(x,y). (3.2)









[m]sk ![n]sk !Γs,k(ν+mk+ k)Γs,k(µ+nk+ k)
,
where k is any positive real number, 0 < s < 1 and ν,µ are non negative integers.
Remark 3.3. If we let k = 1, then the generalized (s,k)-Bessel function reduces to s-Bessel function (2.3).
Remark 3.4. If we let s = 1, then the generalized (s,k)-Bessel function reduces to k-Bessel function (3.1).
Remark 3.5. If we let s = k = 1, then the generalized (s,k)-Bessel function reduces to the following Bessel











where ν,µ are non negative integers.
4. Properties of Bessel s-function and Bessel (s,k)-function in two variables
The study of Bessel function and s-Bessel function of two variables in k-calculus gives important the-
ories in the filed of analysis. We discuss some important results about k-Bessel function and (s,k)-Bessel
function in two variables. We derive the generating function of k-Bessel function of two variables, and
also discuss the s-analogy of the generalized k-Bessel function of two variables in the form of theorems.
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where ν,µ are non negative integers and k is any positive real number.















































After replacing x by x
√
k and y by y
√
k in equation (4.3), we get (4.2).



















where ν,µ are integers and k is any positive real number.


















































After replacing x by x
√
k and y by y
√


















where ν,µ are non negative integers and k is any positive real number.
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m!n!Γk(mk+ νk+ k)Γk(nk+ µk+ k)
.
(4.9)




































n!Γk(nk+ (µ− 2n)k+ 2k)
.
(4.10)
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By rearranging the terms, we have



























































By using [30, Lemma 12, page 112], we have

























































































































which is required generating function of k-Bessel function in two variables.
Lemma 4.5. The (s,k)-Bessel function of two variables satisfies the relation
Jkν,µ(−x,y; s) = (−1)
ν
k Jkν,µ(x,y; s),
where ν,µ are integers, k is any real number and 0 < s < 1.









Γs,k[ν+mk+ k][m]sk !Γs,k[µ+nk+ k][n]sk !
,
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Γs,k[ν+mk+ k][m]sk !Γs,k[µ+nk+ k][n]sk !
.
Here, (−1)2m is positive for all values of m. Therefore, (−1)2m = 1, then we have














Lemma 4.6. The (s,k)-Bessel function of two variables holds
Jkν,µ(x,−y; s) = (−1)
µ
k Jkν,µ(x,y; s),
where ν,µ are non negative integers, k is any real positive number and 0 < s < 1.









Γs,k[ν+mk+ k][m]sk !Γs,k[µ+nk+ k][n]sk !
. (4.11)




















Γs,k[ν+mk+ k][m]sk !Γs,k[µ+nk+ k][n]sk !
.
For all values of n, (−1)2n is positive. Therefore, (−1)2n = 1, then we have














Lemma 4.7. The (s,k)-Bessel function of two variables holds
Jkν,µ(−x,−y; s) = (−1)
ν+µ
k Jkν,µ(x,y; s),
where ν,µ are non negative integers, k is any real positive number and 0 < s < 1.









Γs,k[ν+mk+ k][m]sk !Γs,k[µ+nk+ k][n]sk !
.
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Γs,k[ν+mk+ k][m]sk !Γs,k[µ+nk+ k][n]sk !
.
For all values of m and n, (−1)2m+2n is positive. Therefore, (−1)2m+2n = 1, then we have














Now, we construct the generating function of the generalized (s,k)-Bessel function of two variables.


















where t 6= 0,w 6= 0, t,w ∈ C, and k is any positive real number.















, |x| < 1.











































Replacing ν by νk +m and µ by
µ














































k +m+ 1][m]sk !Γqk [
µ























which is required generating function for (s,k)-Bessel function of two variables.
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Lemma 4.9. If the parameters ν and µ are integers then generalized (s,k)-Bessel function satisfies
Jk−ν,µ(x,y; s) = (−k)
ν
k Jkν,µ(x,y; s).




















k +m+ 1][m]sk !Γs,k[µ+nk+ k][n]sk !
.
(4.15)











k +m+ 1][m]sk !Γs,k[µ+nk+ k][n]sk !
. (4.16)
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Γsk [r+ 1]Γsk [
ν















which is required recurrence relation.
Lemma 4.10. If the parameters ν and µ are integers, then (s,k)-Bessel function of two variables satisfies the relation
Jkν,−µ(x,y; s) = (−k)
µ
k Jkν,µ(x,y; s).




















k ]sk ![n]sk !
.
(4.17)











k ]sk ![n]sk !
. (4.18)
















































Theorem 4.11. The (s,k)-Bessel function in two variables is s-analogy of k-Bessel function in two variables,
lim
s→1
Jkν,µ[(1 − s)x, (1 − s)y; s] = J
k
ν,µ(x,y),
where ν,µ are non negative integers, k is any positive real number and 0 < s < 1.































[m+ νk ]sk ![m]sk ![n+
µ
k ]sk ![n]sk !
.
(4.19)
By taking left hand side of the equation (4.19) and using the equation (2.2), we have
lim
s→1







k (1 − s)m(1 − s)n+
µ






k; sk)m(sk; sk)n+µk (s
k; sk)n
.
Gaspor [7] has given the relation
((s; s))n+r = (s; s)r(sr+1; s)n. (4.20)




















































In our work, the two parameter deformation of classical Bessel function is introduced. We discussed
some important relations between k-Bessel function and simple Bessel function in two variables. Also,
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we developed the generating functions which satisfies the k-Bessel function and (s,k)-Bessel function in
two variables. Moreover, we established a result in which (s,k)-Bessel function is s-analogy of k-Bessel
function. If k = 1, generalized (s,k)-Bessel function reduces to s-Bessel function in two variables. By
taking s = 1 in (s,k)-Bessel function, we get k-Bessel function in two variables. For s = 1,k = 1, the
generalized (s,k)-Bessel function reduces to simple classical Bessel function.
References
[1] P. Agarwal, M. Jleli, M. Tomar, Certain Hermite-Hadamard type inequalities via generalized k-fractional integrals, J.
Inequal. Appl., 2017 (2017), 10 pages. 1
[2] R. Diaz, E. Pariguan, On hypergeometric functions and pochhammer k-symbol, Divulg. Mat., 15 (2007), 179–192. 1
[3] R. Diaz, C. Teruel, q,k-Generalized Gamma and Beta Functions, J. Nonlinear Math. Phys., 12 (2008), 118–134. 1, 2.2
[4] H. Exton, q-Hypergeometric Functions and Applications, Halstead Press, New York, (1983). 2.1
[5] G. Farid, G.-M. Habibullah, An extension of Hadamard fractional integral, Int. J. Math. Anal., 9 (2015), 471–482. 1
[6] G. Farid, A. Ur Rehman, M. Zahra, On Hadamard-type inequalities for k-fractional integrals, Konuralp J. Math., 4
(2016), 79–86. 1
[7] G. Gasper, M. Rahman, Basic Hypergeometric Series, Cambridge University Press, Cambridge, (1990). 4
[8] K. S. Gehlot, Differential Equation of k-Bessel’s Function and its Properties, Nonlinear Anal. Differ. Equ., 2 (2014),
61–67.
[9] C.-J. Huang, G. Rahman, K. S. Nisar, A. Ghaffar, F. Qi, Some inequalities of the Hermite-Hadamard type for k-fractional
conformable integrals, Aust. J. Math. Anal. Appl., 16 (2019), 9 pages. 1
[10] S. Iqbal, S. Mubeen, M. Tomar, On Hadamard k-fractional integrals, J. Fract. Calc. Appl., 9 (2018), 255–267. 1
[11] F. H. Jakson, The Application of Basic Numbers to Bessel’s and Legendre’s Functions, Proc. London Math. Soc. (2), 2
(1905), 192–220.
[12] C. G. Kokologiannaki, Properties and inequalities of generalized k-gamma, beta and zeta functions, Int. J. Contemp.
Math. Sci., 5 (2010), 653–660. 1
[13] V. Krasniqi, A limit for the k-gamma and k-beta function, Int. Math. Forum, 5 (2010), 1613–1617. 1
[14] S. Li, Y. Dong, k-Hypergeometric series solutions to one type of non-homogeneous k-hypergeometric equations, Symmetry,
2019 (2019), 11 pages 1
[15] M. Mansour, Determining the k-generalized gamma function Γk(x) by functional equations, Int. J. Contemp. Math. Sci.,
4 (2009), 1037–1042. 1
[16] F. Merovci, Power product inequalities for the Γk function, Int. J. Math. Anal. (Ruse), 4 (2010), 1007–1012. 1
[17] S. Mubeen, Solution of some integral equations involving confluen k-hypergeometric functions, Appl. Math., 4 (2013),
9–11. 1
[18] S. Mubeen, G. M. Habibullah, An integral representation of some k-hypergeometric functions, Int. Math. Forum, 7
(2012), 203–207. 1
[19] S. Mubeen, S. Iqbal, Grüss type integral inequalities for generalized Riemann-Liouville k-fractional integrals, J. Inequal.
Appl., 2016 (2016), 13 pages. 1
[20] S. Mubeen, S. Iqbal, Z. Iqbal, On Ostrowski type inequalities for generalized k-fractional integrals, J. Inequal. Spec.
Funct., 8 (2017), 107–118. 1
[21] S. Mubeen, C. G. Kokologiannaki, G. Rahman, M. Arshad, Z. Iqbal, Properties of generalized hypergeometric k-
functions via k-fractional calculus, Far East J. Appl. Math., 96 (2017), 351–372. 1
[22] S. Mubeen, M. Naz, A. Rehman, G. Rahman, Solutions of k-hypergeometric differential equations, J. Appl. Math., 2014
(2014), 13 pages. 1
[23] S. Mubeen, A. Rehman, A Note on k-Gamma function and Pochhammer k-symbol, J. Inf. Math. Sci., 6 (2014), 93–107.
1
[24] K. S. Nisar, G. Rahman, J. S. Choi, S. Mubeen, M. Arshad, Certain Gronwall type inequalities associated with Riemann-
Liouville k-and hadamard k-fractional derivatives and their applications, East Asian Math. J., 34 (2018), 249–263. 1
[25] F. Qi, S. Habib, S. Mubeen, M. N. Naeem, Generalized k-fractional conformable integrals and related inequalities, AIMS
Math., 4 (2019), 343–358. 1
[26] F. Qi, G. Rahman, S. M. Hussain, W. S. Du, K. S. Nisar, Some inequalities of Čhebyšev Type for conformable k-Fractional
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